Abstract. To each weighted Dirichlet space D p , 0 < p < 1, we associate a family of Morrey-type spaces D λ p , 0 < λ < 1, constructed by imposing growth conditions on the norm of hyperbolic translates of functions. We indicate some of the properties of these spaces, mention the characterization in terms of boundary values, and study integration and multiplication operators on them.
Recall that the space BMOA consists of all functions f ∈ H 2 whose boundary values f (e iθ ) have bounded mean oscillation, that is,
where f I = 1 |I| I
f (e it ) dt is the average of f over I, and the supremum is taken over all subarcs I of T with length |I|. There are other equivalent definitions for BMOA one of which is the following. For a ∈ D let ϕ a (z) = a − z 1 −āz , z ∈ D, be the analytic automorphism of D which exchanges 0 with a, and for f ∈ H 2 consider the set of hyperbolic translates of f , S(f ) = {f • ϕ a − f (a) : a ∈ D}.
BMOA then can be defined as the space of all f ∈ H 2 such that
i.e. f ∈ BMOA if and only if the set S(f ) is bounded in the norm of H 2 . The above quantity defines a norm making BMOA a Banach space. More information on BMOA can be found in [10] .
Morrey spaces. Morrey spaces were introduced in the 1930's in connection to partial differential equations, and were subsequently studied as function classes in harmonic analysis on Euclidean spaces. The analytic Morrey spaces were introduced recently and studied by several authors, see for example [25] , [31] , [32] [13] .
We recall the definition and some of their properties. Observe that I f (e iθ ) − f I 2 dθ → 0 as |I| → 0, for every f ∈ H 2 , and the rate of this convergence to 0 depends clearly on the degree of oscillation of f around its average f I on I. Given a λ ∈ (0, 1) we can isolate functions f for which this rate of convergence is comparable to |I| λ . Thus for f ∈ H 2 we set f λ, * = sup 4) and define the space
This is a linear space. The seminorm λ, * can be completed to a norm by adding |f (0)| to it, making H 2,λ into a Banach space. It turns out that an equivalent norm is 5) and the following Carleson measure characterisation is valid 6) see [31] . Here, as usual,
is the Carleson box based on I and dm(z) is the planar Lebesgue measure normalized so that the area of the unit disc is 1. For λ = 0 or λ = 1, H 2,λ reduces to H 2 and BMOA respectively, and for 0 < λ < 1,
Dirichlet spaces and Q p spaces. Recall the following estimate for the norm of a function f ∈ H 2 ,
where ∼ means that each of the two quantities is dominated by a constant multiple of the other for all f ∈ H 2 . If the weight 1 − |z| 2 inside the integral is replaced by log(1/|z| 2 ) then the above estimate becomes an identity valid for all f ∈ H 2 , known as the Littlewood-Paley identity. The weighted Dirichlet spaces D p , 0 ≤ p < ∞, are defined to contain those f ∈ Hol(D) for which
This quantity is a norm. Clearly D 1 = H 2 with equivalence of norms, and D 0 is the classical Dirichlet space denoted by D. For p > 1, D p coincides with a weighted Bergman space with weight (1 − |z|)
and there is a constant C = C(p, q) such that f Dq ≤ C f Dp for each f ∈ D p , As in the case of H 2 we can consider the Möbius invariant version of D p , that is the subspace of D p which consists of all f ∈ D p such that the set S(f ) = {f • ϕ a − f (a) : a ∈ D} is bounded in D p . These are the spaces Q p , originally defined and studied by Aulaskari, Xiao and Zhao [7] . Under the norm
they are Banach spaces and we have Q 0 = D, Q 1 = BMOA, while for all p > 1, Q p coincides with the Bloch space B of functions that satisfy [27] . For the remaining values 0 < p < 1 the resulting spaces satisfy D ⊂ Q p ⊂ BMOA and they form a strictly increasing chain of Möbius invariant spaces, characterized by the Carleson measure condition,
For information on these spaces see [27] and [28] and the references therein. Dirichlet-Morrey spaces. Let 0 ≤ p ≤ 1 and f ∈ D p . The following estimate is valid
with the constant C depending only on p. In the case of the Hardy space
holds. Motivated by this we define the Dirichlet-Morrey spaces as follows. 
It is clear D 
In the rest of the article we will state some basic properties of DirichletMorrey spaces, discuss briefly their characterization in terms of boundary values and concentrate in Section 3 on the boundedness of integration operators and pointwise multipliers. We will write A B between two quantities if there is a constant C such that A ≤ CB for all values of the parameter involved in the quantities A, B. If both A B and B A are valid we write A ∼ B. When a constant C appears, its value may be different from one step to the next.
Some basic properties
The following proposition gives a Carleson measure characterization of D λ p , which is analogous to (1.6) for Hardy-Morrey spaces Proposition 1. Let 0 < p, λ < 1 and f ∈ Hol(D). Then the following are equivalent,
For an interval I ⊂ T let ζ be the midpoint of I and let a = a I = (1 − |I|)ζ. Note that
This is valid for each interval I ⊂ T and taking supremum shows that (1) implies (2) . Conversely suppose (2) holds. That is, for the nonnegative measure
Thus we have
by using the characterization of Carleson measures in [28, Lemma 3.1.1] with q = 2p − pλ > 0, completing the proof.
We apply the inequality
Using this and the integration f (z) − f (0) = z 0 f ′ (ζ) dζ we obtain the desired growth inequality.
(ii) We will verify that |f
is a pλ-Carleson measure and then Proposition (1) gives the conclusion. In doing so, it is more convenient to work with the equivalent family of Carleson lune-shaped sets S(b, h) = {z ∈ D : |b − z| < h}, where b ∈ T and 0 < h < 1, than with the Carleson boxes S(I), I ⊂ T. Thus it suffices to show that sup b∈T,0<h<1
We have
Thus (2.2) holds and the proof is finished.
Observe that both parts of the above Proposition are also valid when p = 1, 0 < λ < 1.
and by Proposition 1, it follows D
. Then it is necessary that p 1 ≤ p 2 . The easiest way to see this is to use the class HG of functions in Hol(D) whose Taylor series with center at 0 has Hadamard gaps. According to [27, Theorem 1.2.1] for 0 < p < 1 we have HG ∩ Q p = HG ∩ D p , and for 0 < p < q < 1 we have HG ∩ D p HG ∩ D q . Is we assume that p 2 < p 1 then D p 2 ⊆ D p 1 and using the assumption D
This would imply that HG ∩ D p 1 = HG ∩ D p 2 which contradicts part of the above mentioned theorem. In addition from Proposition (2.1) it follows easily that
We next discuss the boundary values characterization of Dirichlet-Morrey spaces. Recall the corresponding result for Dirichlet spaces and Q p spaces from [27, Lemma 6.1.1.]. If f ∈ H 2 and 0 < p < 1, then f ∈ D p if and only if
where the simplified notation is u = e iθ ∈ T and |du| = dθ. This result together with the fact that Q p is the Möbius invariant version of D p , is used to prove Theorem 6.1.1. in [27] which says that for 0 < p < 1, f ∈ Q p if and only if
where the supremum is taken over all arcs I ⊂ T. The proof of this result is rather long and technical. But it is easily adapted without any new conceptual or technical requirements to obtain the following characterization of Dirichlet-Morrey spaces. 
Pointwise multipliers
Let X be a Banach space of analytic functions on D. A function g ∈ Hol(D) is said to be a multiplier of X if the multiplication operator
is a bounded operator on X. For this it is usually enough to check that M g (X) ⊂ X and apply the closed graph theorem. The space of all multipliers of X is denoted by M(X). Multiplication operators are closely related to integration operators J g and I g . These are induced by symbols g ∈ Hol(D) as follows
and
and act on functions f ∈ Hol(D). The operators I g , J g have been studied in a number of papers, see for example [1] , [2] , [8] , [10] and [11] . Their relation to M g comes from the integration by parts formula
This essentially says that if g is a symbol for which two of the operators I g , J g , M g are bounded on a space X so is the third. It also says that it is possible for two of the operators to be unbounded but the third is bounded due to cancellation. The space of multipliers is known for several of the classical spaces such as Hardy and Bergman spaces. In particular for H 2 = D 1 the space of multipliers is M(H 2 ) = H ∞ , the algebra of bounded analytic functions. For other Dirichlet spaces D p , p ∈ (0, 1), the situation is more complicated. 
These measures were described initially by Stegena [20] with the help of Bessel capacities, and similar characterizations were given by other authors. In another approach, Arcozzi, Rochberg and Sawyer [3] described these measures by a different condition, a simplified form of which is given in [9] . Accordingly a finite µ is D p -Carleson if and only if
where for w ∈ D the set S(w) on which integration takes place is the
It is convenient at this point to use the space W p of functions g ∈ Hol(D) such that the measure
is a D p -Carleson measure. This space has been studied [19] and [23] . The multipliers of D p were described in [20] as follows
On the other hand the multipliers of Q p are completely described in [16] , [30] as follows.
Theorem B. Suppose 0 < p < 1 and g ∈ Hol(D). Then g ∈ M(Q p ) if and only if g ∈ H ∞ and
Thus if we denote by Q p,log the space of functions that satisfy (3.3) then the above theorem says
It is not difficult to check that Q p,log ⊂ W p . On the other hand it was shown in [3] that W p ⊂ Q p and there is a simplified proof of this in [14, Lemma 4] . Thus we have
In what follows we study the action of the operators I g , J g on the spaces D λ p , and obtain information on pointwise multipliers. We will need the following technical lemma from [17] (p. 488). We state only the part of it that we need.
Lemma A. Let u ∈ D, |v| ≤ 1 and s > −1, r, t > 0. Then
where C is an absolute, positive constant.
Using this estimate we obtain a family of test functions in D 
Now for r = 2p, t = 2 + p(1 − λ), s = p, Lemma A gives the desired result.
Theorem 2. Let 0 < p, λ < 1 and g ∈ Hol(D). 
and,
Now by restricting the above integral on a disc with center the point c and radius
and by applying the mean value property of subharmonic functions we get that Proof. We use the test functions f c (z) = (1 − cz) −p(1−λ)/2 of Lemma (1). From the hypothesis there is a constant C such that
For each interval I choose c = c I = (1 − |I|)e iθ where e iθ is the center of I, then |1 −cz| ∼ |I| for z ∈ S(I) and we have
with K ′ independent of I. Taking the supremum of the last integral over all I ⊂ T we see that g ∈ Q p .
We now find sufficient conditions on g for J g to be bounded on D 
and the assertion follows by taking supremum on the left. 
For the first integral, using (2.1) and recalling that W p ⊂ Q p we have
For the second integral we write
(1 − |w|) p(2−λ) |f (0) − f (w)| 
